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Abstract. Let i? be a quantum solvable algebra. It is proved that every prime 
ideal / which is stable with respect to quantum adjoint action is completely prime, 
and Fract(-R//) is isomorphic to the skew field of fractions of an algebra of twisted 
polynomials. We study the correspondence between symplectic leaves and irreducible 
representations. A Conjecture of De Concini-Kac-Procesi on the dimension of irre- 
ducible representations is proved for sufficiently great /. 

1 Introduction. 

A quantum solvable algebra is an iterated g-skew extension, constructed by derivations 
and diagonal automorphisms. Among examples are Quantum Matrices, Quantum 
Weyl algebra. Quantum Heisenberg algebra, the positive part Ug{n) of the quantum 
group Ug{g) and also some their subalgebras and factor algebras. Representations 
of these algebras were treated separately [DCKP1],[DC-P],[JZ]. The main approach 
is a correspondence between irreducible representations of a quantum algebra and 
symplectic leaves of Poisson manifold of the center. 

In the paper we study quantum solvable algebras in general setting (Definition 
3.1), obeying some natural and easily checkable conditions (Conditions 3.2-3.4). We 
consider the specialisations of these algebras at primitive l^^ of unity e. 

We make some assumptions on 1. First, we require that the elements x[, . . . , x\j^^ 
lie in the center of i?^ and e is rather great: e is a point of good reduction of stratifi- 
cation of prime spectra for intederminate q (Definition 3.10). Second, we require that 
/ is relatively prime with all minors of integer matrix S (Definition 3.1) and with all 
integers Si, . . . , s„ (Condition 3.2). Almost any e that obeys the second conditions is 
a point of good reduction (Theorem 3.15). We say that e is admissible, if it obeys the 
above conditions (Definition 3.20). 

iThe work is supported by RFFI grant 02-01-00017. 
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We study prime ideals stable with respect to quantum adjoint action (Definition 
2.1). We study their intersections with components of filtration of quantum solvable 
algebras (Theorem 2.12). All prime ideals which are stable with respect to quantum 
adjoint action are completely prime (Theorem 3.24). We get a stratification of these 
ideals. This helps us to study irreducible representations and symplectic leaves (Theo- 
rem 5.3). In particular, we prove that the dimension of any irreducible representation 
equals to l'^^'^ where d is the dimension of the corresponding symplectic leaf. It was 
conjectured by C.De Concini, V.G.Kac, and C.Procesi in the papers [DCKP1,4.5] and 
[DC-P,25.1]. 

We are very grateful for the referees for numerous pertinent remarks and advices. 

2 On quantum adjoint action and stable ideals 

In this section we study skew polynomial extensions. Let i? be a ring, r be an en- 
domorphism of i?, and 5 be a r-derivation of R (i.e. 5{ah) = S{a)b + T{a)S{b) for all 
a,h E R). A skew polynomial extension of a ring R is the ring E = R[x; r, 6] generated 
by indeterminate x and R obeying xa = T{a)x + 6{a) for all a E R (see [MC-R,2.1], 
[GLl]). The main statement of this section is Theorem 2.12 on the reduction of prime 
ideals in skew extensions. 

Throughout the paper we use the following notations. Let K he a. field of zero 
characteristic and let q be an indeterminate. We denote by C a localization of K[q, q~^] 
over some finitely generated denominator set and F = Fract(C). Let F be the cyclic 
subgroup {q'^}n£Z in the group of invertible elements C* of C. Let £ be a primitive Z*^ 
root of unity. Denote by K(e) the field extension of K (ii e e K, we put K{e) — K). 
Suppose that C admits specialisation via q ^ e \n the field K{e). 

Throughout this section R is an unitary C-algebra and a free C-module. We 
consider specialisation : R ^ Re = R mod {q — e). 

Further we difTerentiate between the elements in it! with their images in R^, using 
the following notations. For x E R we denote x^ — x mod {q — e)R or for y E R^ we 
denote by y an element in its preimage in R. 

Let u be an element in R such that u^ — u mod {q — e) lies in the center of R^. 

For any aER the element ad„(a) — ua — au lies in (g — e)R. Whence ^^1^^ € R- We 
denote 

= mod (g - £) (2.1) 

for a = a mod (q — s) e R^. It is easy to check that the definition (2.1) is independent 

of the choice of preimage a of a. 

Definition 2.1. We say that P„ : Re ~^ Re is the quantum adjoint action oi u E R. 
Remark. The derivations and their properties were studed in the papers [DCKPl- 
2] and [DC-P]. There is no definition of quantum adjoint action in the above pa- 
pers. The term of quantum coadjoint action were used for the action of the subgroup 
exp{tVy) on maximal spectrum of Ze- 

The following properties are straightforward to check. 
Property 2.2. D„ is a derivation of Re- That is Vu{ah) = Vu{a)b + aV^ih) for all 
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a,b E Re. 

Property 2.3. If u mod {q — e) = Ui mod (g — c). then Ui — u = {q — e)r, r E R and 
= Vu + adr. This imphes that an ideal V is P^^-stable whenever it is P^-stable. 
Property 2.4. If u^^v^ e for u,v e R, then 

Property 2.5. The bracket 

is a Poisson bracket on Z^. 

Consider a skew polynomial extension E — R[x; r, 6] where r is an automorphism 
and S is r-derivation of R. We assume that t\c — id, S\c = and suppose that E is 
a g*-skew extension of R. That is St = q^rd for some s G Z ([G],[GLl-2]). One can 
extend the automorphism r to an automorphism of E, putting r{x) = q^^x. We save 
the notation r for this extension. Notice that E^ = Emod{q — e) = Rs[x;T,d] where 
X — ;^mod(g — e) 

Assumptions 2.6. 1) As above £ is a primitive l^^ root of unity. We suppose that 
GCD{s,l) = 1 if s^O. 

2) Suppose that x'-, x = x mod (g — e) lie in the center of E^. We shall denote by 
the derivation V^i defined by (2.1). 

3) We assume that r is a F-diagonahzable automorphism of R. That is, there exists 
a C-basis {a^} of it! such that r{aa) — q^"aa for some e Z. It follows that the 

similar basis also exists in E. 

One can extend r and 6 to an automorphism and r-derivation of R^. We save the 
same notations for these extensions. Further we use usual notations 

1) (n) = {n),s = ^ (if s = 0, put (n) = n); 

2) (n)! = (n),.! = (l)(2)---(n); 

o\ (n\ _ (n\ _ (ny. 
\k) \kJg' (ifc)!(n-fc)!- 

Lemma 2.7. Let £, R be as in Assumptions 2.6(1,2); then S'' — mod {q — e), — 

id mod {q — e). 

Proof. One can prove ([G,6.2],[GL,2.5]) for all a e 

x^a = J2 (%^~'S'{a)x!-' = T\a)x! + ^ (^\^-'S%a)x^-' + S\a). (2.2) 

Since the element x'- = x^ mod (g — e) lies in the center Z^, then T'(a) = a mod (g — e) 
and d'-{a) = mod (g — £).□ 

We shall use the following notations 

A = ^— : R, ^ R„ 
q-e 

q-e 
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Remark that A is a linear operator on and ^ is a derivation of E^. For any integer 
m we denote 



m 



mle ^. 



Notice that, if r(a) = g™a for some a E E and m £ Z, then ^(a^) = rruie. 
Consider the locahzation R' of R over the set 



{/(g) e C : /(£) ^ 0}. 

(fc)! 



Lemma 2.8. Let e,R be as in Assumptions 2.6(1,2); then -^{R') C -R' for any 



positive integer k. 

Proof. For s = the statement is trivial. Let s ^ 0. Let A; be a positive integer. 
Suppose that k = + 7] ioi integers ^ and 7] with ^ positive and < rj < I. By above 
Lemma 2.7, 5'(i?) C (g — e)R. For a in i? we have 

5\a) = 5«'+''(a) = (5''(5')«(a) C (g - £)«(5''(i?) C (g - £)^i?. 

On the other hand, (g — e) divides (i) — '-^^-j^ if and only if I divides i. It follows 
{k)\ — {q — £)^c(g) where c{e) ^ 0. This implies the assertion. □ 
For all fl' e -R we denote 

^n{9)=T''-\9)---T{g)g. 

Lemma 2.9. Let e, R obey Assumptions 2.6(1,2). Let a E R and let /„ be the mini- 
mal r-ideal generated by a in R'. Let n, m be positive integers. We assert that 

^"(g"^) _ r n„(5(a)) mod la for m = n, 
(n)! \ mod for n < m. 

Proof. We shall prove the lemma by induction on n. The case n = 1 is easy. Suppose 
that statement is true for all positive integers less then n. We are going to prove for 
n. We need the formula [G,6.2]: 

5^{ah) = r''-'5\a)5''-\h). (2.3) 

i=o 



We get 



We obtain 



n 

(5'*(a'") = ^(a^'ia) = V ( ] r"-*(5*(a'"-i)<5"-*(a). 



i=0 



= W! (n-i)!+ (n-1)! ^'"^ + H^"' 

Let n < m. By the induction hypothesis, ^°^.^| e for i < n — 1. By Lemma 2.8, 

^j^j^J^^I G R'. This proves that all terms in (2.4), apart from the last one, lie in /„. As 
for the last term, it obviously lies in /„. This concludes the case n < m. 
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Let m — n. Similarly to the previous case, we get 



{n)\ ~ (n- 1)! 



S{a) mod la — T 



{Un-i{S{a)))S{a) mod /„ = n„((5(a)) mod /„. 



□ 



Let / be an ideal in E^. Denote J = I f]R^. 
Lemma 2.10. Let Assumptions 2.6(1-3) hold. Suppose that / is ^-stable. 

1) / is T-stable. 

2) The ideal J is (r, (5)-stable. If in addition I is I>a;-stable, then J is a A-stable ideal 
in Re. 

Proof. 

1) The automorphism r is diagonahzable. Let {ua} be a basis such that 
each Qa is r-eigenvector: T{aa) — q^"aa- Consider the reduction of C-basis modulo 
q — e. We get a C-basis aae = mod {q — e). The derivation 9 is diagonahzable and 
^(^oe) = ULa^ae- Every ^-eigenvector lies in a span of basis elements a^e corresponding 
to a common 6'-eigevalue m. Then all these aae have the common r-eigenvalue 
This proves that every ^-eigenvector is also r-eigenvector (the converse is not true). 

Let a be an element in /. Decompose a into a sum of ^-eigenvectors with different 
eigenvalues (which we call ^-components of a). Since / is ^-stable, all ^-components 
also lie in I. We saw above that this ^-components are r-eigenvectors. These prove 
that r(a) e /. We conclude that / is r-stable. 

2) Since / is (r, ^)-stable, the ideal J is also (r, ^)-stable. Let a be in J. Since 
xa — T{a)x + 5{a), then xa,T{a)x e /. Whence 5{a) e J. This proves that J is 

^-stable. 

Suppose that / is P^-stable. By direct calculations, 



Since 9{a) G J and V^{a) G /, then A(a) G J. □ 

Lemma 2.11. Let r, 6 be as above; then d{9{a)) = {9 + s)S{a) for all a & R^. 
Proof. Putting q = e in 



we obtain S9 ^ {9 + s)5. □ 

Theorem 2.12. Let i? be a Noetherian C-algebra and a free C-module. Suppose that 

E = R[x; T, 6] is a g*-skew extension. 

1) Let R obey Assumption 2.6(3). Let X be a prime r-stable ideal in E. Then the 
ideal J -.— If] R is also prime. 

2) Let e and R obey Assumptions 2.6(1-3). Let / be a prime (^, 'Da;)-stable ideal in 
E^. Then the ideal J — I f] Re is also prime. 

Proof. 

1) Since X is r-stable, then J' is (r, 5)-stable. The ideal X is prime r-stable; then J' 




i-i 



(D 



(2.5) 
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is (r, 5)-prime. By [G,6.5], J is r-prime. It follows that J is semiprime and minimal 
prime ideals over J form a r-orbit. Since J is r-stable, J is prime. 
2) The proof divides in two points 2i) and 2ii). 

2i) In this point we are going to prove that J is semiprime. By Lemma 2.10, the ideal 
J is a (r, (5)-stable. Then EJ is a two-sided ideal in E^. The ideal J is a (r, (5)-prime 
ideal in [GL2, 2.1(vi)]. 

Let be an ideal in such that Nj J = Rad(i?e/J). Hence, N'^ C J for some 
positive integer n. We are going to prove that N = J. 

The radical is stable under actions of automorphisms and derivations [MC- 
R,14.2.3]. In particular is (r, 6') -stable. 

Suppose that N is 5-stable. Then E^^N is a two-sided ideal in E^. We see that 
{EeNy C EeiV" C EeJ C I. Siucc / is prime, we have E^N C /. Notice that 
N — (EsN) f] Rs and J = I f] R^. Whence N C J. This proves that J is semiprime. 

The above observation shows that it remains to prove that N is 5-stable. Consider 
the image C = S{N) mod (A^) in Re/N and suppose that C is non zero. Since 

5{N) = 5{R,NR,) = 5{R,)NR, + t{R,)5{N)R, + t{R,)t{N)R„ 

we see that £, is an ideal in B — Re/N. Moreover, by Lemma 2.11, 95{N) — 
5{6{N)) — s5{N). Whence the ideal C is (r, 6')-stable. The algebra B is semiprime. Its 
Goldie quotient algebra A = Goldie(i?) is a direct sum of matrix algebras over divi- 
sion rings A = ©^^Aj. The automorphism r acts on components Ai by permutations. 
The ideal ACA is the sum A' = ©*=iAi which is r-stable. There exist the elements 
ri, . . . ,rk,pi, ■ ■ ■ ,Pk & A and hi, . . . ,hk & C such that 

1a' = rihipi H rkhkPk- 

Multiplying this equality by suitable regular elements of B, we deduce that C contains 
a regular element of A', say h. This implies that n„(/i) ^ with n as above. 

Denote by a an element of R^ such that a & N, S{a) = h. Denote by a £ a 
representative of a G R^- By Lemma 2.9, we have 




= n„(/i) + 6 



with some b G la. As in Lemma 2.8 decompose n — $,l + r], 0<r]<l and ^,77 are 
positive integers. Denote 

with c{e) 7^ 0. Take the above equality modulo q — e. Notice that R' mod {q — s) — 
R mod {q — e) = R^. The element d — d mod {q — e) equals to >l'-regular element 
c(e)n„(/i) modulo A^. 
On the other hand, 

d = " ^- i = — — 5" (a") = A«(5^'(a") mod {q-e), 
[q-ef \q-e)J 
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Recall that a"" e N"" C J and J is (5, A)-stable, by Lemma 2.10(2). It follows that 
d E J. Whence d — mod N. A contradiction. The ideal N is 5-stable and J is 

semiprimc. 

2ii) In this point we shall prove that J is prime. 

Since J is semiprime, one can present it as an intersection of prime ideals J = 
n ■ ■ ■ n Qm- If a derivation preserves J, then it preserves all Qi (see [MC-R,14.2.3] 
and [D,3.3.2]). This imphes that all ideals Qi are 9. Whence Qi is r-stable, as in the 
proof of Lemma 2.10(1). Retain the notations of the point 2i) (with now = J). 
Decompose A = ©^^Aj, Ai = Aci. Automorphism r-acts on the system of central 
minimal idempotents Ci, . . . ,6^ by permutations. Since T{Ai) C A^, then r(ei) = Cj 
and 

5{ei) = 5(e- ) = 5{ei)ei + T{ei)5{ei) = 2ei5{ei). 

Since K has characteristic zero, this proves 5{ei) — 0. Whence 5{Qi) C Qi for all i. 

Since J is (r, 5)-prime, J — Qi . Finally, J is prime. 

□ 



3 Stratification of D-stable ideals 

In this section we are going to get stratification of prime "D-stable ideals at roots of 
unity. This provides a reduction to the case of algebra of twisted Laurent polynomials. 
We prove that all prime P-stable ideals are completely prime. 

Recall K issi field of zero characteristic, q is an indeterminate and C is a localization 
of K[q^ q'^] over some finitely generated denominator set. Let S = (sj^) be a M x M 
integer skew-symmetric matrix. Denote qij = q^^^ and form the matrix Q = {qij). 
Definition 3.1([P1],[P2]). We say that a ring R is quantum solvable over C, if R is 
generated by the elements xi, 0:2, ... , Xn, x'^+i, • • • , x^+m with M — n+m such that the 
monomials x*^ • • • x^^x^^^l ■ ■ ■ with ti, . . . ,tn £ N and tn+i, ■ ■ ■ , tn+m £ ^ form a 
free C-basis with the relations 

1) XiXj = qijXjXi for all i and n + l<j<n + m; 

2) for 1 < i < j < n the formula holds 

XiXj — QijXjXi ~\~ Tij ^ (3.1) 

where rij is an element of the subalgebra Ri+i generated by Xj+i, . . . , x^, • • • , ^^n+m- 
There exists a chain of subalgebras R — Ri D R2 D ■ • ■ D Rn ^ Rn+i- The last 
algebra Rn+i is an algebra of twisted Laurent polynomials generated by x^^^, . . . , x^. 
One can prove that a quantum solvable algebra is an iterated skew extension of C 
(see [MC-R],[GL1]). This means that for all i G [l,n] the map : Xj ^ qijXj,i > j 
is extended to an automorphism of Ri+i and the map Si : Xj 1— > r^j is extended to 
a Tj-derivation of Ri+i. Each algebra Ri is the skew extension Ri+i[xi;Ti.Si]. All 
automorphisms are identical on C and all Tj-derivations 5i are equal to zero on C. 
A quantum solvable algebra is a Noetherian domain [MC-R,1.2.9]. We put some more 
conditions on R. This conditions are comparable with more general conditions Q1-Q4 
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of [P2]. 

Condition 3.2. We require that it! is an iterated g-skew extension in terms of [GLl-2]. 

This means that 5iTi = qiTiSi for some qi = Sj G Z. 

Condition 3.3. All automorphisms Tj arc extended to diagonal automorphisms of 
R (i.e the monomials x*^ ■ ■ ■x^^x^_^i ■ ■ -x^^, G N, G Z are eigenvectors) with 
eigenvalues in F = {q'' : n G Z}. Denote by H the group of diagonal automorphisms 
of R generated by ti , . . . , Tn+m- We shall refer a common eigenvector for all ti , . . . , t„+^ 
//-weight vector. 

Condition 3.4. Let A be the subset of the set of all roots of unity in the algebraic 
closure K such that £ G A if e is a primitive l^^ root of unity and the elements x[, . . . ,xl^ 
modulo q — e lie in the center of R^. We require that A is infinite. 

The last Condition claims that R^ is finite over its center for an infinite set of 
specialisations of C. Such algebras R are called pure C-algcbras in the paper [PI]. 
The Conditions 3.2-3.4 imply the Conditions Q1-Q4 of the paper [P2] (in the case C is 
a localization of K[q, q~^] over some finitely generated denominator set). See [P2] for 
examples. One gets the following stratification of prime ideals with zero intersection 
with C. 

Definition 3.5. We say that two elements a, b g-commute if ab — q'^ba for some inte- 
ger k. 

Theorem 3.6[P2, Theorem 3.4]. Let Rhe a. quantum solvable algebra obeying Con- 
ditions 3.2-3.4. 

1) There exists a finite set M = {Vfi} of semiprime //-stable ideals with P| C = for 
all fi, and denominator subsets S*^ C R/V^ with generated hj k + m g-commuting 
//-weight elements. Here, fi = {ii, . . . ,ik+i) where k and {ig : 1 < s < /c + 1} are 
non-negative integers, and k + ii + ■ ■ ■ + ik+i = n. The localization {R/Vij,)S^^ is 
isomorphic to a factor algebra of an algebra of twisted Laurent polynomials. 

2) Any prime ideal X oi R with zero intersection with C (recall that indeed all such 
ideals are completely prime) contains a unique ideal such that f]{T/V^) = 0. 

This yields a stratification of Spec(/?). We recall here some of the details, referring 
to [P2, Theorem 3.4] for complete proof. 

Fix any integer ii with < ii < n. Consider the subset Li — {xn, Xn-i, ■ ■ ■ , Xn-n+i} 
of ii generators of R. Let J^i be the minimal semiprime ideal containing Li. Denote 
by Xi the set of minimal prime ideals over Ji. We decompose Xi — X[\JX"\JX'" 
where 

X[ = {QeX,: Qf]C = 0,x„_,, ^ Q,}, 
X'-^ ^{QeX^■.Qf]C^ 0,Xn-i, ^ Q}, 

We denote 

Vi, = n ^- (3-2) 
Qex[ 

If X[ — 0, then there is no prime ideal X oi R such that X D Li, X f]C — 0, and 
Xn-ii ^ X. We add Xn-ii in Li and begin the stratification process from the beginning. 
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The ideal Vi^ is il-stable, contains Li, does not contain Xn-i^ and Vi^f^C — 0. 

Denote by ^i* the denominator subset {a;^_j^}^gN in R/'Pn- Consider the locahzaton 
R^^^ = {R/'Pi-^)Si} . The algebra i?^^^ is generated by xi, . . . , Xn-i^-i, a^^i-ip Rn+i and 
admits the filtration 

with = {Rj/Vi,{^Rj)S^} for i < n - ii and R^^l^ - fj ^n+i- The 

subalgebra R^^ is generated by and R^li- 

There exists a localization of C over some finitely generated denominator subset 
Ni C C such that the algebra R'^^^N^^ over Ci = CN^^ has the new system of iJ- 
weight generators x[,- - ■ , x'^_^^_i, x^^j^, x^^^, . . . , with the relations x'jXn-n — 
qj^n-ii^n-ii^'j [P2, Lemma 3.3]. Here Qj^n-h ^^^^ (j)'^ ~ ii)-th entry of the matrix Q 
(see Definition 3.1) The algebra R^^^^ N^^ is generated by x'j and R^:j^_liNi^. Denote by 
5*1 the denominator set generated by Ni and 5*1*, and retain the notation R^^^ for the 
localization i?(i)7Vf \ We get R^^^ = {R/ViJS^K 

We continue the stratification process. Now let 12 be any integer with < i2 < 
n — ii — 1. Consider the subset L2 — . . . , x'^_j^^_j^^} of ^2 generators of R^^\ 

Let J^2 be the minimal semiprimc ideal of R^-^^ containing L2. We denote by X2 the set 
of minimal prime ideals over J^2- As above we decompose X2 — Xf^lJ Xi^ (J Xl^' where 

x', = {Q! eX2:Q!^C, = Q, <-.i-.,-i i Q, }, 

X'i = {Q! e X2 : Q'fl'^i ^ 0,xU_,^_, ^ Q}, 

We denote 

= n ^' (3-3) 

There exists a semiprime if-stable ideal Vi^i^ is R such that 

('^n«2/'^n)'S'i — '^1112" 

Preserve the notation 5"! for the image of 5"! in R/Vi^i^- Consider the denominator set 
5*2^ generated by x'^_^^_^^_i in {R/Vij^i.JSi^ . The elements from Si g-commute with 
5*2^,. There exists a positive integer t such that x^.j^.j^-ia^^-jj ^ R/Vi^i.^. Denote by 
5*2* the denominator subset generated by Si and x'^_^^_^^_^x\^_^^ in R/Vi^i^. Denote 
i?(2) = {R/Vi,i^)S{^{S'^y^ = {R/Vi,i,)S^^\ The algebra i?^^) is generated by 

and admits the filtration 
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There exists localization of C over some finitely generated denominator subset N2 dC 
such that the algebra R^'^^N^^ has the new system of i?- weight generators 



... -r" (t' -r^l T^^l 

•^It T^n—ii—i2—2i\-^n-ii—i2 — l/ ' -^n-ii ' "^n+l' • • • ' -^n+m 

where x" gr-commutes with x'^_-_^_-^_-^ and Xn-i^- As above we denote by 5*2 the de- 
nominator set generated by 5*2* and N2. We retain the notation R^"^^ for localization 
Ri^^N^K We get i?^^) = (R/v,^^^)S-\ 

We continue the stratification process. Finally, we get a semiprime if-stable ideal 
Vij, — ■Piii2...ifc+i and a denominator subset 5"^ in R/V^. The subset 5"^ is generated 
by g-commuting if- weight elements. Denote = {R/'P^)S~^. The algebra is 
generated by gr-commuting elements uf^, . . . , u^^, '^k+n ■ ■ ■ ■> "^n+m with 

_ (fc-i) _ / _ _ _ 

'^1 "^n— ii i/t — (fe— 1)' ■ ■ ■ ' ^fc— 1 *^n— 11—12 — 1' • • • j'^k+m ^n+m- 

For any s = {1, 2, • • • , A;} we denote such that 

The generators Ui, - • ■ ,Uk, Uk+i, ■ ■ ■ , Uk+m satisfy the relations 

UiUj = QijUjUi (3.4) 



and the matrix 



= (3-5) 

is a submatrix of Q. We denote by S^^ the corresponding submatrix of S. The algebra 

n 

Bfj, = -6^,1 2 -6^,2 2 • • • 2 -B//,n 2 Bfj^^n+i (3.6) 



5^ admits the filtration 



with 

Notice that some subalgebras and -B^j+i can coincide. If 7^ B^j+i, then 
j = ■(/'(s) for some s G {l,2,...,/c} and B^j is generated by and B^j^i. Recall that 
Rj is a skew extension of Rj+i and Xj (see Definition 3.1). We retain the notation Xj 
for image of Xj in B^j. We get that B^j is generated by and S^j+i. The elements 
li, and related as follows 

Us = Xj + rj+i (3.7) 

with rj+i e 
Remark 3.7. 

1) The ideal is an intersection of prime ideals {Q} with Qf]C — 0. Hence, any 
c e C, c 7^ is a regular element in R/V^. It imphes that R/V,j, is a free C-module. 

2) The generators of S^j^ q'-commute. Each element s of is a monomial of q- 
commuting generators Wi, . . . ,Uk+m (see the stratification process). The elements 
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lie in the center of mod {q — e). One can consider the new denominator subset 
^1 = W '■ s ^ ill R/Pfi- Obviously, the localization over 5^ coincides with the 
localization over S^. It follows that we may choose S/^ such that it lies in the center 

of mod {q — e). 

Now we are returning to ideals in R. Let i? be a quantum solvable algebra obeying 
Conditions 3.2-3.4. Our next goal is to study stratification of prime ideals of speciahsa- 
tions of R. For any \ E K we consider the specialisation p\ : R ^ R\ = R mod (g— A). 
For any prime ideal / in R\ we denote X = p^^(I). The above ideal X is prime in R and 
If]C = C{q-X). Denote as usual Vf.x = mod {q-\)=V^ + R{q - \)/R{q - A) 
and S^x the image of in Rx/V^x = {R/V^) mod (g — A). Since Xf] C 7^ 0, we can't 
apply Theorem 3.6 directly. The next Example shows that above the stratification is 
not valid for all prime ideals. 

Example 3.8. Let R = Ag^i be the Quantum Weyl algebra generated by x,y with 
the relation xy — qyx = 1. Any prime ideal of R with zero intersection with K[q, 
admits localization over y. The localization of R over y is generated by y^^ and 
u — {q — l)yx + 1 related yu — q~^uy. Consider specialisation q ^-^ e — —1. The 
algebra R-i is generated by y related xy + yx — 1. Let / be the kernel of irreducible 
representation 

^^(? 0) ^^(0 J) 

The ideal / of R-i is prime, but does not admit localization over y. □ 

Definition 3.9. Let X E K he not a root of unity. We say that A is is a point of good 

reduction of the stratification M = {P^u}, if the following properties hold. 

Property 1. Every ideal Vfj,x is a semiprime ideal in Rx, Sfj^x is a denominator set of 

R\/Vi_i,x- 

Property 2. For any prime ideal / in Rx there exists standard ideal V^x of Rx such 
that / D and S^x fl I /Kx = 0- (i-e 2: 2 and Si,f]I/V^, = 0). 
We say that A is a point of bad reduction if the statement of Definition 3.9 are not 
true for A. 

For a point of good reduction we denote 

= iRx/V^.x)S;^ = mod {q - A) 

and we can study any prime ideal / in Rx as an ideal of B^x foi' some /i. That is we 
can reduce the study of / to the study of an ideal in an algebra of twisted Laurent 
polynomials. 

Let £ e A (see Condition 3.3). That is £ is a primitive root of unity and x\,...,x^^ 
lie in the center of R^. Denote by Vn the set of derivations V^i , . . . , V^i defined 
in Section 2. We say that an ideal / of R^ is Po-stable if / is stable with respect to all 
derivations of the set Vq. 

Definition 3.10. As above A = £ is a primitive Z*^ root of unity and x\, . . . 
lie in the center of R^. We say that £ is a point of good reduction of stratification 
M = {V^}, if Property 1 of above Definition 3.9 holds and Property 2 holds for any 
prime "Do-stable ideal / of i?^. 

We say that £ e A is a point of bad reduction if the statement of Definition 3. 10 is 
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not true for e. We say further that the property £{X) is true for almost all A e X if 
there exists a finite set F such that this property is true for all elements X & K — F. 
Lemma 3.11. Let B' be a free C-module and an unitary C-algebra generated by 
g-commuting elements Ui, . . . ,Um and X is a prime ideal in B'. Then the image of 
each Ui in B' /I is either zero or a regular element. 

Proof. If the generator Ui is a zero divisor in B'/2, then there exists b ^ I such that 
Uib e I. Then for all j we have UiUjb — QijUjUib e I. Hence, UiB'b e I. Since I is 

prime, Ui G X. □ 

Lemma 3.12. Let i? be a free C-module and an unitary C-algebra. Let V he a 
semiprime ideal in R with V f]C = and Ve = {V + {q — £)R) mod {q — e). We claim 
the following. 

1) Veis X>-stable; 

2) Let = u mod {q — s) G and Vu the quantiim adjoint action of u. We denote 
by u the image oi u in B = R/V. As usual B^ = B mod (g — e). We denote by Vu 
the quantum adjoint action of u on B^ via reduction mod {q — e). Then : B^ ^ B^ 
coincides with V^] 

3) Denote by Z' the image of the center Z^ of i?^ under the map R^ — > Re/Ve — B^. 
The subalgcbra Z' lies in the center Z{Bs). We equip Z' with the Poisson structure 
inherited by the Poisson structure in Z^. We consider the Poisson structure of Z{B^) 
defined via reduction B^ = B mod {q — e) (Section 2). We assert that Z' is a Poisson 
subalgebra of Z{B^), i.e. the Poisson bracket of two elements in Z' coincides with 
their Poisson bracket as elements Z(Bs). 

Proof.l) For any a G = (P + R{q — e)) mod (g — e) one can choose a E V 
such that a = a mod {q — e). Let u & R such that = u mod {q — e) G Zg, then 
b = ua- au e R{q - e){^V = {q - e)V. Then b e {q - e)V and X'„(a) G P^. 
The claim 2) is obtained by reduction ua — auE{q — e)R (with a E R) modulo V. 
The claim 3) is a corollary of claim 2) . □ 

Notation 3.13. Let £ G A and R obey Conditions 3.2-4. We denote 

r- — id 

6i = — : Re ^ Re 

q-e 

for < i < n -|- m and © = span{6'i, . . . , 6'n+m}- For any ideal / of Re we denote by 
Iq the greatest ©-stable ideal in I. 

Notice that any Oi is a derivation. Whence : — > Ze- We shall refer a common 
eigenvector for all ^^i, ... , ^^„+m as a ©-weight vector. 
Proposition 3.14. Let e G A and R obey Conditions 3.2-4. 

1) Let T G {ti, . . . , Tn+m} and let 9 be the correspoding element of {6*1, . . . , 9n+m}- Let 
u & R such that Ue — u mod (g — s) and t{u) — q^u. Then 

a) 6{ue) = rnue-, 

b) tVu = e^VuT, 

c) eV^ = Vu{9 + m); 

2) if an ideal / of Re is "D-stable (cor.Po-stable), then Iq is also P-stable (cor.Do- 
stable) ; 

3) let / be an ideal in Re , Ps '■ R Re be the specialisation and X = p~^(I). Then 
P~^{Iq) — Ih where Ih is the greatest i?-stable ideal in X. In particular, if an ideal 
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/ of is ©-stable, then the ideal X is il-stable. 
Proof. 

1) The proof of a) easy (see Section 2). For any a & choose a & R such that 
a = a mod {q — e). We have 

/ua — au\ ^ f ur{a) — T{a)u 



\ q — e J \ q — s 

This yields T'Du{a) — e"^T>uT{a) and proves b). 
By direct calculations, 

id^ /ua — au\ f UT^q) — T\a)u\ ua — au 



\ q — e J \ (q — ey ) (q — s)^ 

^, / - id , , r' - id , , \ 1 g"^' - 1 ua - au 

q""- u (a) (a)u \ = — —. 

\ q — e Q — £ J Q — £ Q — ^ Q — ^ 

Putting q — e, we get 6T>x{a) — T>xO{a) + rriDx{a). This proves c). 

2) An element a lies in /e iff a G / and for any ii, . . . , ifc G {1, . . . , n + m} the element 
dii ■ ■ ■^jfe(fl) also lies in /. Suppose that / is I'-stable. The center is spancd by 
©-weight elements. Let u^ be a ©-weight element in Z^. Choose a if- weight element 
u & R such that u^ = u mod [q — e). Then for any a & 1$ we have 

On--- Oi,{V^a) = V^iOi, + m,J • • • {Oi, + m,J(a) C C /. 

It follows T>u{a) G Je- Whence /e is P-stable. Similar for Po-stable ideals. 

3) For any ideal / of R^ the ideal Je is a span of all ©-weight elements in /. Similar the 
ideal 1^ is a span of all iJ-weight elements in X = p^^{I). For any ©-weight clement 
tte E I one can choose a if -stable element a El such that = Pe{(i) = a mod {q — e). 
We have p~^{Iq) C 1^. On the other hand, if an element a is if-weight, then the 
clement is ©-weight. This proves the inverse containment. □ 

Theorem 3.15. 

1) There are at most finite number of points of bad reduction among non roots of 
unity. 

2) Denote by Ai = G A : Hs relatively prime with si, . . . , s„} (see Condition 3.2). 
There are at most finite number of points of bad reduction in Ai. 

Proof. 

Step 1. Suppose that A is not a root of 1. First consider the scmiprime ii-stable 
(see Conditon 3.3) ideal defined in (3.2) as an intersection of prime ideals Q G X[. 
These prime ideals are if-stable [P2, Prop. 2.1]. For almost all A each ideal Qx is 
semiprime [P2, Prop. 2. 7]. Recall that Xn-^ ^ Q for Q G X[. For almost all A the 
element Xn-ii,x is regular in R\/ Qx [P2, Prop. 2. 7]. This proves that V^^x is semiprime 
and the element ^ is regular in Rx/ Qx for each Q E X[. The set 5*1* = {x^_^_^ : 

m G N} obeys the Ore condition in R/V^ [P2, Theorem 3.4]. Then Su^x obeys Ore 
condition in Rx/V^^x- We conclude that Si^^x is a denominator set and consider the 
localization R^^^ of Rx/V^^x over Su^x ■ 

For almost A the elements of denomimator set Ni C C (see the stratification 
process) is non zero modulo q — X. We can consider localization over A^i modulo q — X. 
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Following the stratification process, we see that all ideals V^ix are semiprime and S^j^x 
is a denominator set in the factor algebra of R\ over V^x- This proves Property 1 of 
Definition 3.9. 

Notice that, since A is not a root of unity, then all prime ideals in R are completely 
prime [GL, Theorem 2.3]. 

Consider the nonempty Zariski-open set Ogt C K defined as follows (i.e. K — Ogt 
is finite). A point A lies m. K — Qgt if ^ annihilate some of ideal in X'^ f^C (see the 
stratification process) or some element in 5"^ P| C. The Property 2 of Definition 3.9 is 
true for all A in O^t [P2, Theorem 3.10]. 

Step 2. Suppose that A = £ e Ai. We assume that A G Qgt- The proof of Property 
1) of Definition 3.10 is similar to Step 1. We are going to prove Property 2) of the 
above definition. Let J be a prime Po-stable ideal in R^. As usual X — pj^{l) with 
J f]C = (q — e)C. Denote J' = Th and J = I@. By Proposition 3.14, J is a Do-stable 
ideal and J = p~^(J). By [MC-R,14.2.3] and [D,3.3.2], the ideal J is prime. 

Recall that Theorem 2.12 asserts that for all j the ideal Jj = Jf]Rjs is prime in 
Rje- It follows that Jj — J f]Rj is a, prime ideal in Rj. 

Suppose that some subset Li — {xn, ■ ■ ■ C J and Xn-i^ ^ J- It follows 

that Li C I. Since all generators, in particular .x„_j-^, are if- weight elements, then 
Xn-ii ^ 2r. The ideal J contains a minimal prime ideal, say Q, in the set Xi (see 
the stratification process). Since a;„_j^ ^ JT", then Q G X[[jX". If Q G X", then 
e annihilates Qf^C. This contradicts the claim e G Ogt- We get Q E X[ and J 
contains the iJ-stable ideal Vi^ . We saw above that Jn-h — >J f] Rn-h is a prime 
ideal in Rn-^ ■ The algebra 

Rr, 



R. 



'^n—ii 



-21 

is generated by g-commuting elements. The ideal 

J I yJn—u 
n— 



is a prime ideal in -R^_j . 

We apply Lemma 3.11 for Jn_i^- Since Xn-i^ ^ J, the image of this element is 
regular in R1^_^J J'^_^^. Therefore, J'^-i^ has empty intersection with denominator 
set Sx* = {x^_^^rnm C RjVi^. By [D,3.6.17] or [MC-R,2.1.16], the ideal J' admits 
localization over Since 5*1* consists of iJ-weight elements, the ideal X' — XjVi^ 

also has empty intersection with 5*1* and admits localization on ^i*. 

Since e G O^t, then e does not annihilate any element of ^PjC. Hence e does not 
annihilate A^i (see the stratification process) . The ideals J' and X admit localization 
over A^i (see stratification process). 

Suppose that J' contains some subset L2 = {a;^_j^_]^, . . . , x'j^_^^_j^^} and does not 
contain x[^_-^_-^_i. It follows that L2 C X'. Since the generators are i7-wcight el- 
ements, ^ X'. As above the claim e G Ogt implies D 'Phh (see also 
[P2,Theorem 3.10]). As above the ideal J" = J/Vi^i^ has empty intersection with 
denominator set {{x'^_^^_^^_-^)'^}jneN- The ideal J" admits localization over 
The ideal J" /Vi-^S2^ admits locahzation over N2. The same is true for X" — XjVi^i^. 
And so on. 
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Finally, we prove that ideal Z contains a unique ideal Vp. such that S^[\X/V,j, — ^. 
Then / 3 and S^^C]! /T^fie = 0- Notice that, by Lemma 3.12, the ideal V^e is 
P-stable and, by [P2, Prop. 2. 7], semiprime for almost all e. □ 

Since is generated by g-commuting elements, we shall recall some well known 
statements on algebras of twisted Laurent polynomials. Let Q and § be as above 
M X M-matrices with qij = g*'^' . Let S = be a free C-module and a unitary 
C-algebra generated by u^^ , . . . with relations UiUj = qijUjUi. The algebra B 
is a factor algebra of an algebra of twisted Laurent plynomials. One can decompose 
B = A® Z{B) where A is an algebra of twisted Laurent polynomials and Z{B) is the 
center of B. The generators yf^, . . . , y^^ of A are monomials oiu^^ ^ . . . ^ and obey 
the relations 

ym = g'^'y2yi, ■ ■ ■ , y2r-iy2r = q^"y2ry2r~i (3.8) 

with positive integers di, . . . , d2r- AH other pairs of generators commute. Here 2r is 
the rank §. We shall refer 2r as the rank of B. The center Z[B) is generated by 
monomials. Any ideal of B is generated by its intersection with the center Z{B). Any 
prime ideal of B is completely prime. 

One can consider the specialisation B^ of B at primitive root of unity s. We 
obtain B^ ^ A^ ® Z{B)^. 

Lemma 3.16. Suppose that I is relatively prime with the elementary divisors of ma- 
trix §. Then 1) the center Z{Be) is generated as i^-algebra by u^j, . . . ,u^^ and the 
reduction Z{B)^ of Z{B) modulo q — s; 

2) if the field K is algebraically closed, then the dimension of every irreducible repre- 
sentation of equals to T with r = |rank(§). 

Proof. Consider another system yf^, . . . , y^^, z^^, . . . , 2;^^, 2r -|- i = M of generators 
of B with the relations = q'^^y2yi, ■ ■ • ,|/2r-il/2r = q'^'"y2ry2r-i- All other pairs of 
generators commute. Since (/, di) = 1 for all i, then the l^^ powers of generators and 
zi, . . . ,Zt generate the center of B^. This proves 1). 

Any irreducible representation tt of B^ determines the central character x '■ Z{B^) 

K: 

x{yl) = % e K\ xi^j) = «j e K*. 

The factor algebra Bs/m{x)B£ is isomorphic to a matrix algebra over K. This proves 
that any irreducible representation uniquely determines by its central character and 
has the dimension of statement 2). □ 

Further we denote by the quantum adjoint action of an element u E B with 
u, e Z{B,). Clearly, = 0. For u\ we calculate 

'^u\iuj) = Sijle-\u\, 

We say that an ideal of B^ is D-stable if it is stable with respect to all derivations 
with Ue e Z{Bs). We say that an ideal of B^ is I>o-stable if it is stable with respect to 
all derivations T>,,i with 1 < i < M. 

Lemma 3.17. Let I be as in Lemma 3.16. 1) Any Pg-stable ideal of B^ is generated 
by its intersection with Z{B)^; 2) Any Poisson ideal in Z{B^) is generated by its 
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intersection with Z{B)^; 3) For K — C, each symplectic leaf of MaxspecZ(5£) has 
dimension 2r, it is closed in Zariski topology and is defined by the ideal Z{Bs){zj — 
aj) where Zi^ . . . ^Zt generate Z{B)s and ai, . . . ,at are some complex numbers. 
Proof. Choose the above generators ?/i,...,?/2r in B over Z{B). Recall that each 
Hi is a monomial of Mi, . . . ,mm- Consider the derivations $i = yieVyi of B^. Let $ 

be the linear subspace spanned by $j, 1 < i < 2r. If / is X>o-stable ideal, then it is 
$j-stable for all 1 < i < 2r (call ^-stable). The monomials = y^^ • --y^/^ with 
rn = (mi, . . . ,m2r) form a Z(i?)-basis of B. The images of Yjn in form a 
Z{B)^-hasis of S^. All are ^-eigenvectors: 

with different ^-weights. This implies that any $-stable subspace is generated by 
elements Yj^^z with z e Z{B)^. Since the elements Yjns are invertible, any ^-stable 
ideal is generated by its intersection with Z{B)s. Whence the same is true for any 

Do-stablc ideal in B^. This proves 1). It implies 2) and 3). □ 

Corollary 3.18. Let / and B be as above. Any prime Po-stable (in particular. In- 
stable) ideal / of B^ is completely prime. 

Proof. Let 7 be a prime Po-stable ideal in B^. By the above Lemma, I is generated 
by its intersection with Z{B)s. The intersection 7P| ^(S)^ is a completely prime ideal 
in Z{B)^ and 

This proves the claim. □ 

Let B — B(Qhe as above. Consider the filtration of B by subalgebras Bj generated 

I'M ■ 



by 



B = Bi 5 • • • 5 Bj 5 • • • 5 Bm ^ Bm+1 = C. 

The center Z{B) has a filtration 

ZiB) = Z(S)i D • • • D ZiB)j D---D Z{B)m 2 Z{Bm+i) = C 

where Z{B) {^Bj = Z{B)j. Similarly, B^ = B mod {q — e) has the filtration Bj^ with 
Z{B,)f]Bj, = Z{B,)j. Clearly, Z{B)j, C Z{B,)j. 

Lemma 3.19. Let Sj be a -S-submatrix of (sip), l<i<M,j<P<M. Suppose 
that / is relatively prime with elementary divisors of E>j . If a = u^^ • • -u^ , rii E Z 
lies in the center Z^Bq^s) then there exist the G Z, j < /3 < M, mp — np mod (/) 
such that a = u^^ ■ ■ -u^ lies in the center Z{B). 
Proof. For any i and any monomial a = u^^ ■ ■ ■ we have 

ma = Ui{u]' ■ ■ ■ K^Jf ) = ^i^n^uf ■ ■ ■ u^'^Ui = '^"""^aui. 
A monomial a lies in Z{B^) if (n^, . . . , um) is a solution of the system of equations 

M 

susnp = mod (Z), 1 < i < M. 

P=3 
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Under the requirements on I any solution modulo I is a reduction modulo I of a solution 

over Z.D 

Definition 3.20. We say that a primitive l^^ root of unity e is admissible if the 
elements x\, . . . , x\^^^^ lie in the center of (i.e. e G A), £ is a point of good reduction 
(see Definition 3.10), and / is relatively prime with all minors of integer matrix S 
(Definition 3.1) and with all integers si, . . . , (Condition 3.2). 

Suppose that e is admissible. Consider the reduction of ideals and denominator 
sets C R/Vfj, modulo q — e. We denote B = = (R/V^)S^^ and B^ = B mod {q — 
e). We get "P-stable semiprime ideals V^s in Re- Recall that B^ is generated by q- 
commuting elements uf^, . . . ,u^l^ (see (3. 4), (3. 5)). 

One can extend the I>-action from to B^. The algebra B^ admits also the 
quantum adjoint action V of its center Z{B^). Our next goal is to compair these 
two actions. We consider Z{B^)V the Z(i?£)-module spanned by Zg^Vh with b E B, 
be = b mod {q — e) G Z^B^) and Ze G Z{Bs). We consider the Z(i?e)-submodule ade^ 
of inner derivations in B^. We denote by Z{B^)Vo the Z(i?£)-submodule 

Z{B,)V,i^ + --- + Z{B,)V,i^ 

of derivations of B^. 

Proposition 3.21. As above i? is a quantum solvable algebra obeying Conditions 

3.2-3.4 and e is admissible. Then Z{B^)T>q = Z{Bi,)V mod (ad^,). 

Proof. First Z{Be)Vo C Z{Be)V (by Lemma 3.12, the derivation V^i : B^ ^ B^ 

coincides with V derivation of the image of xl in B). To conclude the proof we are 
going to prove Z{Bs)Vq contains V modulo inner derivations. 

Consider the filtration oi B — B^ (see (3.6)). Recall that by Z{B^)j we denote the 
intersection ol Z{Bs) with Bj^. We consider 

T^j = T^z{Be)j = {Du : u e B,Ue = u mod {q - e) e Z{B^)j}. 

To within an inner derivation, we may choose above u & Bj. We denote Z{B^)jT>Qj — 
Z{Be)j'D^i + ■ ■ ■ + Z{Be)j'D^i^. We shall prove by induction on j that T>j equals to 
Z[Bfr)jT>Qj modulo inner derivations. 

The statement is obviously true for j = n + 1. Assume that the statement is true 
for j + 1. Our goal is to prove it for j. 

Let Bj 7^ -Bj+i. The algebra Bj is generated by Bjj^i, Xj and also by -B^+i, Ug. The 
elements Us and xj are related as (3.7). To simplify the notations we put Us — u. 
Recall that u[ G Z{Be) and x^-^ G Z{Re). 

1) Suppose that there exists a monomial z = u^b G Z{B) j with ni ^ and b G -Bj+i- 
We denote by mo the least positive integer with the following property. The element 
V — u^°bo modulo q — £ lies in Z{Bs)j for some 6o £ -Sj+i- Here one may consider 
6o to be a monomial. The monomial 6o is unique up to multiplicaton by a monomial 
which modulo q — e lies in Z{Bi;)jj^i. 

The algebra Z{Bs)j is generated hj Vs = v mod (g — e) and Z{Bs)j+i. Hence, mo 
divides m. Put m = pmo. We obtain z = v^a with a monomial a G -Bj+i and p 7^ 0. 
Notice that a mod {q — e) lies in Z{B^)jj^i. 
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Since z e Z{B)j, we have — 0. We obtain 

= = pvP,-'a,V, + vfD,. 

Then D„ = —p~^Vea~^T>a. By assumption of induction, the derivation T>a hes in 
Z{Bs)j+i'Vo j+i modulo inner derivations. This proves the statement. 
2) Suppose that the condition z = n^h G Z{B)j imphes m = 0. This proves that 
Z{B)j = Consider the element v = u^^h^ from point 1). The algebra Z{B)^ 

is generated by and Z{B^)j^i. By the choise, rriQ < I. If mo < I, then by Lemma 
3.19 there exists a monomial u^b e Z{B)j with mo = m mod (l). By the assumption 
of point 2), m = 0. Whence, mo = / and Z{Bs)j is generated by and Z{Bs)j+i. By 
(3.7), M = Xj + Tj+i with Tj+i G -Bj+i. Then = Where F{u) a polynomial 

of u of degree < / — 1 and F{u)^ lies in Z[B^)j. The algebra Z[B^)j is generated 
by monomials. Applying Lemma 3.19, we deduce that F{u) mod — G Z{B^)j^i. 
That is -F(ii) = — s)r + c for some r G -B^ and c G -Bj+i. The element c modulo 
q — e lies in Z{Bs)j+i. We obtain 

^u' = ^4 + T^Fiu) = 'D^i, + ad^^ + I^c e ^^a;J. + ad^^ + 

By the induction hypothesis, we prove the claim. □. 

Corollary 3.22. Let L be either a I?o-stable ideal in B^ or Do-stable ideal in Z{B^), 
then L is P-stable. 
Notations 3.23. 

1) Let i? be a domain and a C-algebra. Let / be an ideal in — R mod {q — e). 
We denote by Ijy the greatest X>-stable (i.e. stable with respect to quantum adjoint 
action) ideal in I. 

2) Let R be quantum solvable algebra such that x{, . . . jxl^ modulo g — £ lie in the 
center of R^ (i.e. e G A). We denote by Ix>o the greatest Po-stable ideal in /. 
Theorem 3.24. As above i? is a quantum solvable algebra obeying Conditions 3.2- 
3.4, and e is admissible. 

1) Any prime Do-stable (in particular, D-stable) ideal / is completely prime. 

2) For above / skew field of fractions Fract(i?£//) is isomorphic to a skew field of an 
algebra of twisted polynomials. 

Proof. There exists standard such that / 2 and I/V^ admits locahzation over 
S^e- The ideal /' = {I/V^e)S~} of is prime Do-stable. By Corollary 3.22, I' is V- 
stable. The algebra B^^ is a factor algebra of an algebra of twisted Laurent polynomi- 
als. By Corollary 3.18, the ideal /' is completely prime. Whence / is completely prime. 
This proves 1). The claim 2) follows from the observation Fract(i?£//) = Fract(i?j^£//') 
and (3.9). □ 

Corollary 3.25. For any prime ideal / in R^ the ideals Ivo and I-p are completely 
prime. 

Proof. For any prime ideal / of Rs the ideals Ix)„ and J© are also prime ideals of R^ 
[MC-R,14.2.3],[D,3.3.2]. The Theorem concludes the proof. □ 
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4 On Poisson algebras 



In this section we recall some notions and prove some statements which we shall use 
in the next section. 

Let ^ be a commutative affine C-algebra with a Poisson bracket. We shall say that 
^ is a Poisson algebra and X — Maxspec(^) is a Poisson variety. 

We consider the following stratification of X [BG]: X = Xq D Xi D ■ ■ ■ D Xm = 
with Xi = (Xj_i)sing- The corresponding ideals Jq = C /i C • ■ ■ C = .4 

are semiprime for alH = 0, ■ ■ ■ ,m. These ideals are Poisson [PI, Corollary 2.4]. The 
smooth locus X? — X^ — Xj_i of Xj is a complex analytic Poisson variety. It is a 
disjoint union of symplectic leaves. Recall that the symplectic leaf Vlx containing the 
point a; e X is the maximal connected complex analytic variety in X such that x ^0,^ 
and the Poisson bracket is nondegenerate at every point of VL^. 

For any system of generators Oi, . . . , a„ we denote by M(ai, . . . , a„) the matrix 
({oj, aj})"j=i- For any point x G X we consider the specialisation 

Mx{ai, ...,an) = {{ai, aj}{x))lj^^. 

The rank of the matrix M^^ai, . . . , a„) depends of x and does not depends of the choice 
of generators [V,2.6]. We denote 

ranka;^ = rankj;M(ai, . . . , a„). 

Notice that rank-^^ = dimJl-r. 

Definition 4.1. We shall denote by rank^ and call rank of A the maximum of 

rank^^, x E X. 

Let ;B be a Poisson subalgebra in A and Y = Maxspec(i3). Denote hj (f) : X ^ Y 
the corresponding Poisson morphism of algebraic varieties. For any system of genera- 
tors 6i, . . . , 6^ of S there exists a matrix T with entries in A such that My(bi, . . . , bm) — 
T'*Mj;(ai, . . . , a„)T for y — It follows that rank^B < rank^.^. 

Proposition 4.2. Let A and B as above. Suppose that A is finite over B. Then there 
exists a Zariski-open nonempty subset U (lY such that for all y £ F and x e (j)~^{y) 
there holds rank^;^ = rank^S. 

Proof. The radical of an algebra and all its minimal prime ideals are stable with 
respect to any its derivation [D, 3.3.3]. It follows that the radical of Poisson algebra 
and all its minimal prime ideals are Poisson ideals. It is sufficient to prove the claim 
in the case .4. is a domain. 

Let ^ be a domain and oi, . . . , a„ be generators of A. Consider the first generator 
a — ai. Since A is finite over B there exists a polynomial f{t) — cqI^ + cit^~^ + . . . + Cfc 
with Co, ci, . . . , Cfc e B and cq 7^ such that /(a) = 0. We may assume that f{t) 
is irreducible over Fract(i3). This implies that the discriminant Disc(/) is a nonzero 
element of B. Denote by t/i = {y G F : Disc(/)(y) ^ 0, Co(y) ^ 0} and let x G 
We have 4>{x) = y G Ui. 

Notice that a{x) is a root of the polynomial f(y){t) = co{y)t'' + ci{y)t''~^ + . . . + Ck{y). 
Since Disc/(j,)(y) = Disc(/)(y) 7^ 0, all roots (in particular, a{x)) of f(y){t) are simple. 
That is 

4)(«(^))7^0. (4.1) 
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Consider the matrix Mr(ai, . . . , a„, cq, ci, . . . , Cfc). Its rank is equal to rank^;^ = 
rankM^(ai, .... a„). For any clement g of the set {ai, . . . , a„, Cq, Ci, . . . , Cjt} we have 
= {/(a), ^} = /'(a){a, ^} + {cq, ^ja'^ + . . . + {c^, Then 

4) (a)(x){a, + {co, ^}(?/)a'=(x) + . . . + {c^, ^}(?/). (4.2) 

The first row and the first column of above matrix is a span of other rows and columns. 
Therefore, 

rank3.M(ai, 02 . . . , a„, Cq, . . . , Ck) = rankj.M(a2, . . . , a„, Cq, . . . , c^). (4.3) 
We may continue the process by putting a — a2- At the end we have 
rank^^ = mnkyM{co, . . . , c^, . . . , . . . , c^"^)) 

where all c^''^ lie in B. Then rank^-^A < rankj^B. Hence, rank^;^ = rankj^B for all y in 

some open subset U and x G (f)^^{y). 

Corollary 4.3. Let A and B be as in Proposition. Then rank^ = rankB. 
Proof. Denote by (resp. F°) the subset of all x e X (resp. y e Y) such that 
rank^^ (resp.rankj^B) is not maximal. For any x in the intersection of the open subsets 
X— X°, (f)~^{U) (see above Proposition), and (l)''^{Y—Y^), we have rank^ = rank^;^ = 
rankj.B = rankB. □ 



5 Representations at roots of unity 

Let K — C he the field of complex numbers. Let it! be a quantum solvable algebra 
obeying Conditions 3.2-3.4. Suppose that e is admissible l^^ root of unity (see Defini- 
tion 3.20). As above, is the center of Re- The algebra is a Poisson algebra. It 
determines the algebraic Poisson manifold Ai = Maxspec(Z£). 

Let TT be an irreducible complex representation of a quantum solvable algebra R^. 
Since R^ is finite over its center, then tt has finite dimension. Denote by /(tt) the 
kernel of the representation tt in R^. For /(tt) we consider 7(7r)x)-the greatest X>-stable 
ideal in /(tt). 

Denote by x = x(^) '■ Z,, ^ K the central character of tt. The intersection 
/(tt) Pi Ze is the maximal ideal m(x) for % e Z^. 

We denote by fl^ the symplectic leaf of x with respect to Poisson bracket on Z^. 
We consider the greatest I>-stable ideal m{x)v in rn{x)- The ideal m{x)v is prime 
[D,3.3.2]. We denote by Ai^ the annihilator set Ann(m(x)D)- Remark that Ai^ is the 
Zariski closure of the symplectic leaf Q^. We shall prove further (Theorem 5.3) that 

is open in its closure Ai^. The algebra of regular functions JF = C[A1;^] coincides 
with Z^/m{x)v- The Poisson structure on Z^ provides the Poisson structure in JF. 

Notice that an element a lies in I{7r)v iff for any system of elements ui, . . . ,Us & R, 
obeying ui^, . . . ,Uss G Z^, the element ■ ■ -Vu^i^a) lies in /(tt). This proves that 
I{'K)vC\Ze = rn{x)v and Zjm{x)v = ZJ{I{'k)t:){^Z^). Denote 

E - 
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Lemma 5.1. Let / be a nonzero element of T . There exists -p ^Q.^ such that /(p) 7^ 

and Rg/m{x)Re is isomorphic to Rs/m{p)Rs. 

Proof. If f{x) 7^ Oj put p = X- Let f{x) = 0. Consider Rj^^v as a jF-module. 
Let W^i be the subvariety of points of Aiy. for which the rank of Rx,v over J-" is non- 
minimaL The set Wi is a Poisson closed subset (i.e. an annihilator of Poisson ideal) 
of M-x [BD,4.1]. Since m{x)v is the minimal Poisson ideal which contains m(x), the 
point X does not belong to Wi. Since m{p)v = for all p G [BD,3.5], then 

^xfl^i ~ 0- Denote 14^2 = (-^x)sing- As above W2 is a closed Poisson subvariety 
(Section 4) and P| 14^2 = 0- The jF-modulc Rx,v has constant rank over the open 
smooth subset O = M.^ — (Wi [J W^)- It implies that Rx,v is locally free over O [H, 
Exercise II. 5. 8]. Let U be an open subset such that x ^ U C O and 

R'^^^^Rx,v ^:fC[U] 

is free over C[U]. We consider the algebra C°°[U] of complex valued smooth functions 
on U and extend R'^ -p to the algebra 

Wc consider this algebra as an algebra of smooth sections of a vector bundle with 
fibres i?e/m(,T)/?e, x G U. For any u G Rg with Uf, = u mod (g — e) G wc extend 
T>u to the derivation of R^j)- There exists a local fiow Gu{i) of automorphisms of 
lifting P„ [DC-L,9.1],[bC-P,11.8],[BG,4.2]. The local flow is deflned for smaU \t\ 
and sends flbres to fibres. Since / is a nonzero element of ^ = Zg/m{x)v, there exist 
elements Ui, . . . ,Us such that Ui^, . . . , Une G and the element ■ • • T>u^{f){x) 7^ 0. 
Let Gui{ti), . . . , Gus{ts) be the corresponding local fiows defined for small |tj|. Put p = 
GuM ■ • ■Gni(ti)(x)- We have f{p) ^ 0. The algebras Rjm{x)Re and Rjm{p)R, 
are isomorphic. □ 

Definition 5.2. We say that two irredicible representations tti and ^2 are X>-equivalent 

if I{lTi)v = /(vr2)D. 

Theorem 5.3. As above i? is a quantum solvable algebra obeying Conditions 3.2-3.4 
and e is an admissible l^^ root of unity. We assert that: 

1) dimension of any irreducible representation tt of Rg equals to z|dim(f^x) where x '■ 

— > C is the central character of tt and i^ ^^e symplectic leaf of x in M = 
MaxspecZ^; 

2) any symplectic leaf is Zariski-open in its Zariski closure (in the paper [BD] such 
leaves are called algebraic); 

3) if two points xi and X2 belong to a common symplectic leaf, then the algebras R^^ 
and Rx2 are isomorphic; 

4) let TT, tt' are irreducible representations of Rg and x' their central characters. If 
TT and TT are P-equivalent, then x and x' lie in the common symplectic leaf. 

Proof. Our first goal is to prove 1). Let tt be an irreducible representation of R^. 
The ideal I{ti)v is completely prime (Corollary 3.25). There exists a unique standart 
semiprime "D-stable ideal V^e and a denominator set Sue in R^^ — Rg/Vue such that 

1) B^g = R^gS~^ is a factor algebra of an algebra twisted Laurent polynomials; 

2) /(tt)© D V^e and S^gp\I/V^e = 0- (see Theorem 3.6, Definitions 3.10, 3.20). We 
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assume that Sf^e lies in = Center (R^) (see Remark 3.7). We have 

The algebra Z^j^ has a Poisson structure and the algebra Z'^^ is a Poisson subalgebra 
of (Lemma 3.12). The algebra provides the quantum adjoint action on i?^^. 
We shall denote it by Vu where u E R/V^ and Ue E Z^^. 

By Lemma 3.16, B^^ ~ ® Z^B^)^ where is an algebra of twisted Laurent 
polynomials generated by yf^, . . . , y^X with relations (3.8). The Z^Bfj)^ is the reduc- 
tion of Z{B^) modulo q — e. As in proof of Lemma 3.16, Z{B^)^ is generated by 
zf^l, . . . , Zt£. The center Z{B^S) of coincides with Z^^S'^^ and is generated by 
yf^^ . . . , y2r£ and Z^B^j)^. We preserve the notation V for the quantum adjoint action 
of Z{Bne) in Bf,s (Section 3) . 

Step 1. By the Schur Lemma, 7r(s) e C for all s e 5'^^. Our goal in Step 1 is to 

reduce the general case to the case vr(S'^e) ^ 0. 

The ideal J = I{n)v/'Pfis of R^e is the greatest r'-stable ideal in I{n)/V^e- The 
ideal J is is completely prime. The localization JS~^ is I^-stable ideal in fi^g. By 
Corollary 3.22, JS'^ is P-stable. This implies that J is also 25-stable with respect to 
the quantum adjoint action of Zjj^ in i?^^. Denote 



We preserve the notation S/^e for the its image in Z and denote S^,© = Rn,vS^. 
Remark that ^ 



We have 



R^^v ^ Z^T. (5.3) 

All algebras in (5.3) are domains, Z is a Poisson algebra, T is its Poisson subalgebra. 
Let si, . . . , Sfc be g-commuting generators of S^j^. Since Z is finite over the ZT~^ 
is a field. The element can be presented in the form 

where Ui E Z, Wi E T. Let N denote the denominator subset in generated by 
wi, . . . , Wk- After localization we obtain 

B^^vN-^ = R^,vN-^ D ^ := ZN'^ D B := J^N'^. (5.4) 

Denote X = Maxspec(^), Y = Maxspec(i3) and fo = Wi - ■ -Wk E T . We apply Lemma 
5.1. To prove statement 1) of the Theorem we may consider that /o(x) 7^ 0. Then 
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7r(wi) = Wi{x) 0. Since Wi = aiSi, 7i{si) ^ 0. 

Step 2. By Step 1, one may suppose that vr is lifted to a representation of Bt, x>N~^. 
Therefore, vr is an irreducible representation of the algebra of twisted Laurent polyno- 
mials. By Lemma 3.16, 

dimTT = (5.5) 

We denote TT^Zie) = G C. According to Proposition 3.21, an ideal in B^^N^^ is 
P-stable ideal if and only if it is P-stable. This implies that JN~^ is the greatest V 
stable ideal in {I{ti) /V^e)N^^ and 

t 

i=l 

This implies that the Poisson algebra A is the localization of subalgebra generated 
by yf^^, ■ ■ ■ lUtre- The set X is a Zariski-open subset of C^^'. By Lemma.3.8, X is a 
symplectic variety. We have 2r = dimX = rank.4 = rank^,^ for any x G X. 

The set F is a Zariski-open subset in = fl^. Since A is finite over B, then 
dimX = dimy and, by Proposition 4.2, there exists a Zariski-open subset U oi Y 
(we may assume that U f]{M^)sing = 0) such that rank^S = rank^;^ = dimX for 
y = (j){x). We obtain rank^fi = diml^ = dimf/ for all y & U. Hence, U is contained 
in a symplectic leaf. Since Q^f]U ^ (ll, then D U and dimf2^ = dimf/ = dimF = 
dimX. Finally, we get r = |dimX = |dimfi^ and, by (5.5), dimvr = /s'^^^'^.This 
proves 1). 

Step 3. Our goal is to prove 2), 3), 4). 

2) We have proved in Step 2 that contains a Zariski-open subset U. For any element 
p G fi^ — we have 

dimfip < dim{Q^ — U) < dimf/ = dimQ^. 

The set J^<2r := {p & M. : dim(f2p) < 2r} is Zariski-closed in M. [BG,3.1]. The subset 
VL^ — VL^ coincides with VL^^M.< 2r and is Zariski-closed. This proves statement 2. 

3) For any two points Xi and X2 of fi^^. By Lemma 5.1 , there exist pi,p2 G U such 
that is isomorphic to Rp^ and R^^ is isomorphic to Rp^. The algebras Rp^ and Rp^ 
are isomorphic as fibers of the algebra of twisted Laurent polynomials Bt^^x>N~^. This 
proves 3. 

4) Let TTi and be two P-equivalent representations of R^. Then I{Tii)v = I{'^2)v- 
Then m{xi)v = ^{X2)v- By 2), the points Xi and X2 lie in a common symplectic 
leaf.D 
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